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1. Consider the integer programming problem (Pi)
minimize c(x
subject to Ax = b
0^ x e Zn
where A e Rmxn, b e Rn and c e R". Throughout this paper, R and Z
denote the set of all real numbers and the set of all integers respec-
tively.
Suppose that the set
X'={xeRn;Ax=b,0^xeZn)
of feasible solutions is bounded and not empty.
Let it be in Rn and no be a real number. An inequality nlx ^
7To is called a valid inequality for X1 if it is satisfied by all x e X1.
We consider the associated linear programming problem (Po)
minimize c*x
subject to Ax = b
0^ xe Rn.
Let x° be an optimal solution to the problem (Po). A valid inequality
for X', n'x ^7ro, is called a cut if ^x0 < no.
Weput
V= {veRm;v=Ax,0^xeZ"}.
Ify1=Ax1à¬ Fandu2= Ax2e V,wehavev1+v2= A(x1+x2)
e V. PutA = (a{j)= (a,,-, an),
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al{ 0 
0 
aj = , and ej = 1 -} ( 1 ~ j ~ m), 
0 
amj 0 
then we have Aej = aj, therefore aj E V (1 ~ j ~ m). 
Let f be a real-valued function defined on V. f is said to be a 
subadditive function on V if 
f(v l ) + f(v2) ~ f(v l + v2 ) 
for any VI and v2 in V. 
THEOREM 1. (cf. Theorem 1.5 of [2] and Theorem 7.12 of [4]) 
Let f be a subadditive function on V satisfying f (0) = 0. Then the ine-
quality 
n 
~ f (a)xj ~ f(b) 
j=1 
is a valid inequality for XI. 
Proof. First, we shall show that if f is subadditive, it holds 
l l 
L: f(v)zj ~ f~ VjZj) (1) 
j=1 j=1 
for any integer I > 0, any Vj E V and any Zj E Z, Zj ~ ° (1 ~ j ~ I). 
l 
Put k = ~ Zj, then k ~ 0. We shall prove (1) by induction on k. 
j=1 
If k = 0, it holds by the asssumption of f (0) = 0. If k = 1, (1) is 
trival. Let r ~ 2. Suppose, as the induction hypothesis, that (1) IS 
satisfied for k = r-l. Consider now k = r. We may assume ZI ~ l. 
Then 
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f( ~ VjZ) = f (VI + VI (ZI - 1 ) + 
j=I 
::;: f(v I) + f(VI (ZI - 1) 







+ ~ VjZj) 
j=2 
I 
+ ~ f(v)zj 
j=2 
by the induction hypothesis and by subadditivity. Thus, (1) is proven 
by induction. 
Now, by the assumption of XI ~ ¢ we have b E V. For any 
so we have by (1) 
n 
f(b) = f~ ajx) 
j=I 
n 
~ L: f(aj)xj 
j=I 
Hence it is a valid inequality for XI. 
2. For an integer m (> 1), Zm denotes a complete residue 
system modulus m: Zm = {O, 1, ... , m-l } . We define the function 
fm on Z to Zm as follows: for any nEZ, there exists a E Zm such 
that n == a (mod m), so we define fm (n) = a. For any a and b E Z, 
a == b (mod m) implies b-a is divisible by m. 
THEOREM 2. The function fm is subadditive on Z and on any 
100 KEIEI TO KEIZAI 
subset U of z. 
Proof We shall show for any nand n' E Z, 
fm (n) + fm (n') ~ fm (n + n') . ( 2 ) 
If fm (n) + fm (n ') ~ m-1, (2) is satisfied with equality since we 
have fm (n) + fm (n') = fm (n + n'j (mod m) and 0 ~ fm (n + n' ) 
~ m-l. If fm (n) + fm (n'j ~ m, (2) is satisfied, since 0 ~ fm (n + 
n'J ~ m-1. 
EXAMPLE 1. We put 
XI = {x E R4; 5xI + 3xz + 2X3 + X4 7, 
o ~ Xj E Z, 1 ~ j ~ 4}, 
then we have 
V = {5XI + 3xz + 2X3 + X4 ; 0 ~ Xj E Z, 1 ~ j ~ 4 } . 
We have V = {x E Z; X ~ O}, since 1 E V and 0 E V. By Theorem 
1 and Theorem 2, for every integer m (> 1), an inequality 
fm(5)XI + fm (3) Xz + fm (2) X3 + fm (1) X4 ~ 1m (7) 
is a valid inequality for XI: 
for m= 2, 
for m= 3, 
for m = 4, 
for m = 5, 
Xl + Xz + X4 ~ 1 , 
2XI + 2X3 + X4 ~ 1 , 
Xl + 3xz + 2X3 + X4 ~ 3 , 
3xz + 2X3 + X4 ~ 2 . 
Let t( > 0) be an integer. For any j with 1 ~ j ~ t and any 
integer m ( > 1), we define the function liIz on zt to Zm as follows: 
IrIz ((n)l;i,i;i,t ) = 1m (nj)', 
for any (ni)l;i,i;i,t E zt. 
THEOREM 3. The function liIz is subadditive on Zt and on any 
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subset V of zt. 
Proof For any (ni) E zt and (n;) E z~ we have 
frlz ((ni)) + f~((nJ) = Im(n) + fm(n;J 
~ 1m (nj + nj) 
= I~ ((ni + ni)) 
= I~ ((ni) + (ni)) 
Therefore f~ is a subadditive function on z~ 
Put 
then 
EXAMPLE 2. We put 
XI = {x E R5 ; Xl + 2X2 + 2X3 + 3X4 + 5X5 = 10, 
3XI - 3x2 + 2X3 + 3x4 + 2X5 = 7, 
o ~ Xj E ,z, 1 ~ j ~ 5 }. 
A b 
XI = {XE R5; Ax = b, O~ XE Z5}. 
Since V = {Ax; O~. X E Z5}, so V C P. For every integer m( > 1) 
and j (= 1, 2), an inequality 
is valid for XI by Theorem 1 and Theorem 3 : 
for j = 1 and m = 3, 
for j = 1 and m = 4, 
for j = 2 and m = 2, 
for j = 2 and m = 3, 
Xl + 2X2 + 2X3 + 2X5 ~ 1, 
Xl + 2X2 + 2X3 + 3x4 + X5 ~ 2, 
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3. Consider the integer programming problem (PI) 
minimize 
subject to Ax = b 
o ~ X E zn 
where A E Rmxn, bERm and cERn. We assume A is an integer 
matrix and band C are integer vectors (they may be rational; In-
deed they satisfy the assumption by multiplying by an integer). Sup-
pose that m < n and rank A = m. Consider the associated linear 
programming problem (Po) 
minimize 
subject to Ax = b 
o ~ X E Rn. 




Put l = n - m. We assume XN = (Xl'··' Xl)l and XB = (Xl+ l , ••• , xrY 






ZB + :2J Cj Xj 
j=l 
l 
Xl+i + :2J au Xj 
j=l 
o ~ Xj E Z (1 ~ j ~ n) . 
If b is an integer vector, then x = (XB, XN) = (iJ, 0) is in XI, 
so x is an optimal solution to the problem (PI)' Therefore we assume 
b is not an integer vector. Then there exists i (1 ~ i ~ m) such that 
bi is not an integer: consider the constraint 
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l 
Xl+i + ~ aijxj 
j=l 
where aij and bi are rational numbers. 
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( 3 ) 
We define I(a) = a - [a] for any a E R, where [ ] is a Gauss' 
symbol, i. e., [a] denotes the maximal integer not greater than a. 
Then we have 0 ~ I(a) < 1. For any a and b E R, we write a == b 
(mod 1) when b - a is an integer. Then we have 
l 
~ /(a"ij)xj == I(b) (mod 1) 
j=l 
by the constraint (3), so we have 
l 
~ /(aij)xj ~/(fji); ( 4 ) 
j=l 
this inequality is called a Gomory cut because it does not hold when 
Xj = 0 (1 ~ j ~ l). 
N ow there exists an integer D (> 1) such that Daij E Z (1 ~ j 
~ l) and Db i E Z, so the constraint (3) can be written 
l 
Dxl+i + ~ Daijxj = DEi. 
j=l 
We obtain by Theorem 2 a valid inequality 
l 
~ /D (Daij) Xj ~ /D (Dbi) . 
j=l 
This inequality is the same as a Gomory cut (4), since putting 
aij = lj; and bi = 1iJ (Da, Db E Z), we have 
-fla .. ) = ID(Da) = ID(Daij) 
JI'IJ D ' 
I (E) = ID rgb) _ ID Wbi) 
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EXAMPLE 3. Consider the integer programming problem 
minimize z = Xl + X2 + X3 + 2X4 + 2X5 
subject to Xl + 2X2 + X3 + X4 + 5X5 = 10 
3xl - 3xz + 2X3 - 3 X4 + 3X5 5 
o ~ Xj E Z, 1 ~ j ~ 5 





(see Example 1 of [2] ). 
5 5 5 
Z = TX3+-3-X4+gX5 
40 
9 
1 2 4 25 
Xz +-g-X3 + T X4 + TX5 = 9 
gXl + 7X3 - 3x4 + 21x5 = 40 
9xz + X3 + 6x4 + 12x5 .= 25 
By Theorem 3 we have valid inequalities as follows : 
for j = 1 and m= 3, X3 ~ 1 , 
for j = 1 and m= 7, 2Xl + 4xz ~ 5 , 
for j = 1 and m= 9, 7 X3 + 6X4 + 3X5 ~ 4 , 
for j = 2 and m= 2, Xz + X3 ~ 1 , 
for j = 2 and m= 3, X3 ~ 1 , 
for j = 2 and m= 4, Xz + X3 + 2X4 ~ 1 , 
for j = 2 and m= 6, 3xz + X3 ~ 1 , 
for j = 2 and m= 9, X3 + 6X4 + 3X5 ~ 7 . 
The third and the last inequalities of these are Gomory cuts. 
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